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Abstract: Let R be an associative ring with identity and let k ≥ 1 be a
fixed integer. An element (x, y) ∈ R × R is said to be left (right) k-Engel
π-regular if there exist a positive integer n and an element z ∈ R such that
[x, y]n

k
= z[x, y]n+1

k
([x, y]n

k
= [x, y]n+1

k
z). If every element of R × R is left

(right) k-Engel π-regular, then R is said to be left (right) k-Engel π-regular.
An element (x, y) ∈ R×R is strongly k-Engel π-regular if it is both left and right
k-Engel π-regular. The ring R is strongly k-Engel π-regular if every element of
R×R is strongly k-Engel π-regular. In this paper we investigate conditions for
a strongly k-Engel π-regular ring to be commutative.
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1. Introduction

Let R be an associative ring with identity. An element x ∈ R is said to be
right π-regular if there exist a positive integer n and an element y ∈ R such
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that xn = xn+1y. If every element of R is right π-regular, then R is said to
be right π-regular. By [3], this definition is left-right symmetric. An element
of R is strongly π-regular if it is both left and right π-regular. R is strongly
π-regular if every element of R is strongly π-regular. In [1] it was shown that
if an element x in the ring R is strongly π-regular, then there exist a positive
integer n and an element y ∈ R such that xn = xn+1y and xy = yx. In the case
where n = 1, the element x is said to be strongly regular.

If (xi)i∈N is a sequence of elements of R and k is a positive integer, we define
[x1, . . . , xk+1] inductively as follows:

[x1, x2] = x1x2 − x2x1,

[x1, . . . , xk, xk+1] = [[x1, . . . , xk], xk+1].

If x1 = x and x2 = · · · = xk+1 = y, the notation [x, y]k is used to denote
[x1, . . . , xk+1] and [x, y]k is called a k-Engel element. For k = 1, [x, y]k =
[x, y]1 is usually just denoted by [x, y]. We say that R satisfies the k-Engel
condition if [x, y]k = 0 for all x, y ∈ R. Commutative rings clearly have the
k-Engel condition for any positive integer k.

An element (x, y) ∈ R×R is said to be left (right) k-Engel π-regular if there
exist a positive integer n and an element z ∈ R such that [x, y]n

k
= z[x, y]n+1

k

([x, y]n
k
= [x, y]n+1

k
z). If every element of R×R is left (right) k-Engel π-regular,

then R is said to be left (right) k-Engel π-regular. An element (x, y) ∈ R×R

is strongly k-Engel π-regular if it is both left and right k-Engel π-regular. The
ring R is strongly k-Engel π-regular if every element of R × R is strongly k-
Engel π-regular. Clearly, if (x, y) is strongly k-Engel π-regular, then [x, y]k is
strongly π-regular. Therefore there exist a positive integer n and an element
z ∈ R such that [x, y]n

k
= [x, y]n+1

k
z and [x, y]kz = z[x, y]k (by [1]).

Division rings are examples of strongly k-Engel π-regular rings. Other
examples include full matrix rings over division rings and triangular matrix
rings over fields. It is clear that rings which satisfy the k-Engel condition are
strongly k-Engel π-regular. In this paper we investigate conditions under which
a strongly k-Engel π-regular ring is commutative (hence, has the k-Engel con-
dition). All rings in this paper are assumed to have identity.

2. Main Results

Let k be a positive integer. We begin with the following characterization of
strongly k-Engel π-regular rings.
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Theorem 2.1. Let R be a ring. Then R is strongly k-Engel π-regular if

and only if for each x, y ∈ R, [x, y]k = a + w where a, w ∈ R such that a is

strongly regular, w is nilpotent and aw = wa.

Proof. Suppose first that R is strongly k-Engel π-regular. Then there exist
a positive integer n and an element z ∈ R such that [x, y]n

k
= [x, y]n+1

k
z and

[x, y]kz = z[x, y]k. Since [x, y]n
k
= [x, y]n+1

k
z = [x, y]n+2

k
z2 = · · · = [x, y]2n

k
zn,

we have that

([x, y]n+1

k
zn)2([x, y]n−1

k
zn) = [x, y]3n+1

k
z3n

= [x, y]n+1

k
([x, y]2nk zn)z2n

= [x, y]2n+1

k
z2n

= [x, y]k([x, y]
2n
k zn)zn

= [x, y]n+1

k
zn,

that is, [x, y]n+1

k
zn is strongly regular. Moreover, since [x, y]n

k
zn is an idempo-

tent, we also have

([x, y]k − [x, y]n+1

k
zn)n = [x, y]nk(1− [x, y]nkz

n)n

= [x, y]nk(1− [x, y]nkz
n) = 0.

Thus, [x, y]k − [x, y]n+1

k
zn is nilpotent. It is clear that

[x, y]n+1

k
zn([x, y]k − [x, y]n+1

k
zn) = ([x, y]k − [x, y]n+1

k
zn)[x, y]n+1

k
zn.

Then since [x, y]k = [x, y]n+1

k
zn + ([x, y]k − [x, y]n+1

k
zn), the result follows.

Conversely, let x, y ∈ R and suppose that [x, y]k = a + w where a is
strongly regular, w is nilpotent and aw = wa. Since a is strongly regular, there
exists b ∈ R such that a2b = a, ab = ba and bw = wb (by [1, Lemma 1]).
Since [x, y]k − [x, y]2

k
b = (a + w) − (a + w)2b = w − w(2a + w)b is nilpotent

and [x, y]kb = b[x, y]k, it follows that [x, y]n
k
= [x, y]n+1

k
z for some positive

integer n and some z ∈ R with [x, y]kz = z[x, y]k. Thus R is strongly k-Engel
π-regular.

As a consequence of Theorem 2.1, we have the following:

Corollary 2.2. Let R be a reduced ring. If R is strongly k-Engel π-regular,

then one of the following occurs:

(a) R has the k-Engel condition;

(b) There exist x, y ∈ R such that [x, y]k = a for some non-zero strongly

regular element a.
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Proof. Since R is reduced, the only nilpotent element in R is the zero
element. Thus by Theorem 2.1, for any x, y ∈ R, [x, y]k = a for some strongly
regular element a ∈ R. If R has no non-zero strongly regular element, then R

satisfies the k-Engel condition. Otherwise, we have condition (b) as asserted.
This completes the proof.

Corollary 2.3. Let R be a reduced strongly k-Engel π-regular ring. Then

either R is commutative or there exist x, y ∈ R such that [x, y]k = a for some

non-zero strongly regular element a.

Proof. This follows by Corollary 2.2 and the fact that a reduced ring with
the k-Engel condition is commutative (see [2, Lemma 18]).

For a ring R, let D(R) denote the commutator ideal of R, that is, the ideal
generated by all commutators of R. We next consider a stronger condition than
that in Corollary 2.2, namely, when the ring has no non-zero divisors.

Proposition 2.4. Let R be a strongly k-Engel π-regular ring. If R has
no zero divisors, then R = D(R) or R is commutative.

Proof. Let x, y ∈ R. SinceR is strongly k-Engel π-regular, there exist z ∈ R

and a positive integer n such that [x, y]n
k
= [x, y]n+1

k
z and [x, y]kz = z[x, y]k.

Then [x, y]n
k
(1 − [x, y]kz) = 0. Since R has no zero divisors, it follows that

[x, y]k = 0 or [x, y]kz = 1. If R 6= D(R), then [x, y]kz 6= 1 for any x, y, z ∈ R.
Hence, [x, y]k = 0 for all x, y ∈ R and it thus follows by [4, Theorem 1.2] that
R is commutative.

Remark. The semiprimitive strongly k-Engel π-regular rings are not nec-
essarily commutative. For example, the ring M2(F2) of 2 × 2 matrices over
the field F2 is a semiprimitive strongly k-Engel π-regular ring which is not
commutative.

For a ring R, let Nr(R), Z(R) and J(R) denote the sum of all the nil right
ideals of R, the center of R and the Jacobson radical of R, respectively. It is
known that Nr(R) is also the sum of all the nil left ideals of R and that Nr(R)
is thus a two-sided ideal of R.

Proposition 2.5. Let R be a strongly k-Engel π-regular ring with Nr(R) =
0. If for any x, y ∈ R there exists a positive integer t = t(x, y) such that

(xy)t − (yx)t ∈ Z(R), then R is commutative.

Proof. Let x, y ∈ R. Since R is strongly k-Engel π-regular, there exist
z ∈ R and a positive integer n such that [x, y]n

k
= [x, y]n+1

k
z = [x, y]n

k
[x, y]kz

and [x, y]kz = z[x, y]k. But, since (xy)t − (yx)t ∈ Z(R) for some positive
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integer t, we have that [x, y]kz ∈ J(R) (by [5, Lemma 3]). Hence, 1 − [x, y]kz
has a right inverse and since [x, y]n

k
(1− [x, y]kz) = 0, we have that [x, y]n

k
= 0.

It then follows by [4, Theorem 1.2] that R is commutative.
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